Considered is the beam wave guidance and scattering by 2D quasi-optical reflectors modeling the components of beam waveguides. The incident field is taken as the complex-source-point field to simulate a finite-width beam generated by a small-aperture source. A numerical solution is obtained from the coupled singular integral equations (SIEs) for the surface currents on reflectors, discretized by using the recently introduced Nystrom-type quadrature formulas. This analysis is applied to study what effect the edge illumination has on the performance of a chain of confocal elliptic reflectors. We also develop a semianalytical approach for shaped reflector synthesis after a prescribed near-field pattern. Here a new point is the use of auxiliary SIEs of the same type as in the scattering analysis problem, however, for the gradient of the objective function. Sample results are presented for the synthesis of a reflector-type beam splitter.
INTRODUCTION
Diffractive metallic mirrors or reflectors are key elements that provide the phase correction necessary for manipulation of beams across a wide range of frequencies from optical to millimeter (mm) waves. Despite noticeable losses in the visible range, applications of diffractive optical mirrors are numerous and include laser beam focusing, redirection, coupling, feedback, spectral filtering, wavelengthdivision multiplexing, and optical disk readout [1] [2] [3] . As material losses of good metals sharply decrease with frequency, beam waveguides formed by chains of metallic reflectors have become even more attractive for low-loss guidance of the terahertz and mm waves since the 1960s [4] [5] [6] [7] [8] [9] [10] . Today reflector beam waveguides are used, e.g., in the heating of plasma in controlled nuclear fusion machines with the mm waves generated by high-power gyrotrons and as feed lines for mm-wave radio astronomy antennas [11] [12] [13] .
Electromagnetic modeling of reflectors is usually done with geometrical and physical optics [14] [15] [16] including the recently developed powerful auxiliary-plane approach [17] . However, these methods are based on ray tracing and fail to fully characterize fine interaction effects and resonances. For more accurate modeling, rigorous methods are necessary. Note also that the currently popular finite-difference time-domain commercial field solvers require prohibitively large computer resources when applied even to a single reflector larger than 10 wavelengths in size, in open domain. Therefore their use in parametric analysis is painful, and in numerical optimization so far it is virtually impossible.
These facts suggest that economic and accurate fullwave analysis and synthesis of reflectors and beam waveguides is still in demand. A general way to build corresponding numerical algorithms is to use an integralequation (IE) approach. Here, the crucial point is the development of an efficient discrete model, i.e., a fast and convergent numerical algorithm having controlled accuracy.
In optics, where metals are lossy and beams are well collimated, reflectors are usually simulated with surfacerelief structures and dielectric boundary conditions (i.e., a demand for continuity of the tangential field components across the surface) [18] [19] [20] . Therefore IEs are actually coupled pairs of equations along infinite contours.
In contrast to optics, mm-wave and terahertz reflectors can be considered perfect electric conductors (PECs) because of very high electron conductivity in this range. As electromagnetic wave beams are less collimated in this case, the edges of reflectors have to be accounted for properly. Therefore quasi-optical reflectors are normally simulated with zero-thickness PEC screens that lead to SIEs for the electric currents induced on finite surfaces with sharp edges. Such IEs always have singular kernels and therefore must be discretized carefully, especially if the needed accuracy is finer than the first couple of digits. In the 1990s, the method of analytical regularization was developed to convert IEs into Fredholm second-kind matrix equations because of the explicit inversion of the static parts [21] .
An alternative approach uses Nystrom-type discretization of SIEs and specific quadrature formulas for the computation of the matrix elements. In [22] , we presented basic ideas of such a discrete model based on the method of discrete singularities (MDS) and gave some examples of the accurate 2D analysis of curved reflector antennas. In parallel, a similar approach was developed recently in [23] for flat 2D strips and slots in a layered environment. Note that these works use different edge-corrected quadrature formulas, although both consider the whole reflector as an entire domain and improve the accuracy by increasing the order of interpolation polynomials, i.e., the reflector is not meshed with a finer and finer set of subdomains.
In the sections that follow, we consider the E-polarized beam wave guidance and scattering by a chain of 2D quasi-optical reflectors used as a waveguide, and we study the role of the reflector edge illumination in the waveguide performance. We also develop a semianalytical approach for a shaped reflector synthesis after a prescribed near field pattern. Both analysis and synthesis use SIEs of the same type discretized with the aid of the MDS.
ANALYSIS AND MDS DISCRETIZATION
The geometry of a generic 2D reflector system, shown in Fig. 1 , is an example of a finite-length beam waveguide. The reflectors are assumed to be PEC and have zero thickness. The feed is a z-directed line current placed at the complex-valued source point (see also [21, 22] ) and has time dependence exp͑−it͒, omitted in the analysis. The field generated by such a feed can be characterized by the z component of the electric field, which is given by
where H 0 ͑1͒ ͑·͒ is the Hankel function of the first kind, k (1) is a rigorous solution to the Helmholtz equation and, because of the complex-valued argument, simulates a directive beam looking within = ␤. In the paraxial domain, this is simply a Gaussian beam. Note that Eq.
(1) has two branch points at ͑x 0 ± b cos ␤ , y 0 ϯ b sin ␤͒, and to single out a unique value of U 0 ͑x , y͒ one has to join them with a branch cut B of length 2b. This cut can be considered a model of the reallife aperture of a small horn; the greater kb, the narrower the beam.
The total field is considered a sum, U = U sc + U 0 , where U sc is the secondary field scattered by reflectors and U 0 the incident one. The function U sc has to solve the Helmholtz equation off S q , q =1, . . .Q, and satisfy (a) the PEC boundary condition on S q , (b) the edge conditions at the endpoints, and (c) the radiation condition. In the case of E polarization, this problem is reduced to a set of Q coupled IEs of the first kind for the surface currents induced on the strips, j p ͑s q ͒, (2) has logarithmic singularities in the kernels when the source and observation points coincide. Therefore its direct moment-method-like discretizations with the local basis-testing functions, although possible, do not lead to efficient and always convergent numerical algorithms.
We handle Eq. (2) by using the recently developed Nystrom-type numerical method of solving the SIEs met in the scattering of waves by open PEC screens with edges-the method of discrete singularities: applying a contour parameterization x͑t͒ , y͑t͒, one can transform IE (2) to another, Cauchy-singular IE set with supplementary conditions and further discretize it by using the quadrature formulas of interpolation type with the nodes being the roots of the Chebyshev polynomials of the first and second kinds. As a result, we obtain a set of linear equations and solve it with a simple Gaussian scheme. The method's details and extensive numerical validations can be found in [22] ; paper [23] is also a relevant source. This method enables one to study the effects of the wave radiation, guidance, and scattering for reflectors up to 100 and more in size, with high accuracy and small computer resources. Near-and far-field patterns, surface currents, and also focusability and directivity can be readily computed for various reflector shapes, feed locations, etc.
NUMERICAL RESULTS FOR REFLECTOR FIELD ANALYSIS A. Elliptic Single-Reflector Focusers
Consider first a single elliptic reflector fed by a complexsource-point (CSP) source whose aperture center is placed in the geometrical focus F 1 (Fig. 2) . This geometry is interesting for the near-field focusing in such applications as plasma heating and laser pumping with microwaves. Unlike parabolic antennas, performance of elliptic focusers should be characterized by the maximum field intensity near the second geometrical focus and the shape and area of the focal spot domain.
We have studied numerically how the field amplitude in the second focus depends on the edge illumination controlled by the feeding beam width and orientation. Such analysis (see Fig. 3 ) shows that at least −10 dB edge illumination is necessary to provide the second-focus amplitude at the level 0.8 of the source field amplitude taken at the center of the feed aperture ͑r ជ = r ជ 0 ͒. This value remains lower than unity even if the illuminating beam is very narrow. Figure 4 shows the near-field patterns of two different elliptic focusers. It illustrates how tightly the field concentrates near the second focus F 2 and can serve as a basis for quantification of the focal spot area. The reflector edge illuminations are, for Fig. 4(a) , −14 dB left and −4 db right; for Fig. 4(b) , −3 dB left and −6 dB right.
B. Elliptic Reflector Beam Waveguides
We have also studied a 2D elliptic three-reflector beam waveguide as shown in Fig. 1 . In this case, the modeling deals with several coupled SIEs (2) and results in the coupled matrix equations of the same type and properties as the one obtained for a single-reflector structure (see [22] for mathematical details). Computations have been performed for the field amplitudes in the three consecutive secondary focuses of identical confocal reflectors as a function of the feed aperture size parameter kb and its orientation angle ␤. The results are presented in Figs. 5-7. As one can see from the plots in Fig. 5 , in the case of a chain of reflectors it is necessary to provide at least −15 dB edge illumination for the first reflector in order to have the field amplitude at the 0.9 level or higher with respect to the feed field amplitude. This can be explained by the stronger (than for one reflector) scattering due to multiple reflections of the guided beam. What is interesting and not actually anticipated, if the number of reflectors is two or greater, is that then the field amplitudes at the secondary focuses can exceed the feed field amplitude.
In Figs. 6 and 7 we present the dependences of the same field values as a function of the incident beam looking angle, ␤. Here the feed having kb = 4 is taken to provide an optimal edge illumination when looking at the center of the first reflector, as suggested by Fig. 5 .
The field amplitudes at the secondary focuses are negligible so far as the beam fails to illuminate the first reflector (i.e., if ␤ Ͼ 150°and ␤ Ͻ 320°). They reach maxi- mum values when the feed beam is looking at the center of the first reflector ͑␤ =60°͒ and both edge illuminations are equal to −12 dB.
The near-field pattern presented in Fig. 8 demonstrates an example of guidance of the wave beam, with bright focal spots repeated almost without distortions. Computation of this pattern on a mesh of 250ϫ 250 field points took only 4 min with a personal computer equipped with a 2.6 GHz processor and 1 Gbyte of RAM.
SYNTHESIS WITH A SEMIANALYTICAL SEARCH OF GRADIENT
The efficiency of the analysis method becomes crucial when it is incorporated into a numerical synthesis routine. This is because when using a global search technique like, e.g., Genetic Algorithm, many calls of the direct problem solver are necessary. Here, because of its flexibility and speed, the SIE-MDS solver is an attractive candidate. However, local-search gradient methods are able to provide quicker tuning to the best shape if a good initial guess is used.
The synthesis problem is understood as follows. Assuming that the incident field U 0 is given in the whole space, determine a smooth open contour S 1 of the PEC reflector, i.e., the corresponding functions x 1 ͑t 1 ͒, y 1 ͑t 1 ͒, for which the total field, i.e., the function U, differs as little as possible, in definite sense, from the function Ũ that is the prescribed field on a smooth contour S 2 (Fig. 9) .
To cast the synthesis problem into a mathematical form, it is convenient to define the objective function on the curve S 2 in terms of the L 2 norm. Keeping in mind the MDS, we introduce the appropriate scalar product ͗ , ͘ S with the Chebyshev weight w͑t͒ = ͑1−t 2 ͒ −1/2 and the residual function :
This enables us to define the objective function as
Thus the functions x 1 , y 1 have to be determined in such a way that I is minimized. We also introduce the operator notation as follows:
By use of this notation, the direct-scattering problem SIE for the surface current function, Eq. 2, can be compactly written as ͑Ĝ 11 j͒͑t 1 ͒ =−U 0 ͑t 1 ͒. To find the gradient of the objective function, the first variation ␦I is calculated. To determine the partial derivatives ‫ץ‬I / ‫ץ‬x 1 , ‫ץ‬I / ‫ץ‬y 1 of the gradient, we require that the first variation (and similarly for y 1 ) satisfies the relation
Here, it becomes necessary to introduce adjoint integral operators, which are determined from the identity ͗ , Ĝ ͘ S 2 = ͗Ĝ * , ͘ S 1 for some complex functions and . 
͑7͒
where auxiliary function satisfies an adjoint SIE:
Thus the x 1 component of the gradient of our objective function satisfies a SIE whose operator is a complex conjugate to that of the analysis SIE (2). The right-hand-part function of adjoint SIE is determined after solving Eq. (2) with a first-guess contour S 1 , obtaining residual function (3), and integrating it along contour S 2 .
Note that the operators involved in Eqs. (7) and (8) have either smooth or logarithmic-singular kernels. Therefore all of them can be efficiently computed with the MDS discretization of Section 3. The total gradient of the objective function is given by Eq. (7) and a similar expression for ‫ץ‬I / ‫ץ‬y 1 .
NUMERICAL RESULTS FOR BEAM SPLITTER SYNTHESIS
To test the idea of the semianalytical gradient synthesis based on the SIE-MDS technique, consider the problem of designing a single-reflector beam splitter, S 1 (see Fig. 9 ), of the field radiated by a CSP feed. The comparison contour S 2 is taken as a half-circle with two isolated intervals, L 1 and L 2 , on which the field of the synthesized reflector is to be focused. Therefore the prescribed field function on this contour is taken as a superposition of two identical Gaussian functions having maxima at the central points of L 1 and L 2 .
As the initial guess, we took an elliptic contour S 1 of the fixed aperture size d =35, having the feed placed at its first focus F 1 (Fig. 10) . The feed field is fixed, having the aperture parameter kb =8 (b is the imaginary part of the source coordinate). Such a feed, if placed at the focal point F 1 and aimed at the center of S 1 , provides a −10 dB edge illumination of the reflector. The intervals L 1 and L 2 are located behind the other geometrical focal point F 2 , and the comparison contour S 2 diameter is 48.
After performing the synthesis as explained above, we compared the prescribed (Fig. 11, dashed curve) and the optimized (solid curve) field amplitudes on S 2 . A very close similarity between the two curves is observed at the intervals corresponding to the bright spots; the corresponding value of the objective function is found to be 10 −2 . The total near field of the synthesized reflector is shown in Fig. 12 . A clear splitting of the reflected beam and its focusing on the desired intervals L 1 and L 2 is seen.
The proposed synthesis method has been implemented on a personal computer in MATLAB, and the widely used BFGS-algorithm has been applied to minimize I. Approximately 25 function calls for 600 surface variables x 1 , y 1 and 1.5 h of computing with a P4 2.6 GHz processor were necessary to generate the results shown in Figs. 11 and 12. These parameters can be greatly reduced if initialguess contour S 1 and comparison contour S 2 are chosen in the optimal way.
CONCLUSIONS
We have presented a 2D accurate and efficient numerical analysis of the reflector beam waveguides made of several PEC elliptic mirrors. This has been achieved with the aid of the SIE-MDS approach. The main feature of a beam waveguide is an ability to focus the beam and reproduce the near-field pattern after each reflector. As a simple figure of merit, we have studied the field amplitudes in the consecutive focal points of confocal elliptic reflectors under the variation of various parameters. Our analysis has shown that the ability of the chain of reflectors to guide the wave radiated by an aperture source strongly depends on the edge illumination of the first reflector and on the proper placement of the source. For in-focus source, the edge illumination of a 20 reflector should not be higher than −12 dB.
Numerical synthesis is a much more complicated endeavor than analysis. We have tested the SIE-MDS technique as a full-wave engine for building a synthesis code based on a seminumerical gradient method. As we have found, if the objective function is the deviation of the near field from a given function on a certain open or closed contour, it is possible to derive a separate SIE for the gradient of the objective function and to solve it with the MDS as well. This speeds up the synthesis process and guarantees accuracy. Example of the synthesis of a shaped reflector has been given to demonstrate the splitting of the incident Gaussian-like beam into two high-intensity spots at prescribed locations.
